We give a complete enumeration of triangulated surfaces with 9 and 10 vertices. Moreover, we discuss how geometric realizations of orientable surfaces with few vertices can be obtained by choosing coordinates randomly.
Introduction
The enumeration of triangulations of the 2-dimensional sphere S 2 was started by Brückner [15] at the end of the 19th century. It took Brückner several years and nine thick manuscript books to compose a list of triangulated 2-spheres with up to 13 vertices; cf. [16] . His enumeration was complete and correct up to 10 vertices. On 11, 12, and 13 vertices his census comprised 1251, 7616, and 49451 triangulations, respectively. These numbers were off only slightly; they were later corrected by Grace [23] (for 11 vertices), by Bowen and Fisk [11] (for 12 vertices), and by Royle [36] (for 13 vertices). In fact, Royle made use of the program plantri by Brinkmann and McKay [14] to enumerate triangulations of the 2-sphere with up to 23 vertices (see the manual of plantri and also Royle [36] ). Table 1 and Table 2 list the respective numbers. Precise formulas for rooted triangulations of the 2-sphere with n vertices were determined by Tutte [39] .
According to Steinitz' theorem ([37] , [38] ; cf. [40] ), every triangulation of S 2 is polytopal and is therefore, by stereographic projection, equivalent to a planar triangulation (with straight edges). This fact is central for the choice of suitable data structures in plantri for a fast enumeration of triangulations of S 2 .
For an arbitrary orientable or non-orientable surface M the Euler characteristic χ(M ) of M equals, by Euler's equation, the alternating sum of the number of vertices n = f 0 , the number of edges f 1 , and the number of triangles f 2 , i.e.,
By double counting of incidences between edges and triangles of a triangulation, it follows that 2f 1 = 3f 2 . Thus, the number of vertices n determines f 1 and f 2 , that is, a triangulated surface M of Euler characteristic χ(M ) on n vertices has f -vector f = (f 0 , f 1 , f 2 ) = (n, 3n − 3χ(M ), 2n − 2χ(M )).
An orientable surface M (g, +) of genus g has homology H * (M (g, +)) = (Z, Z 2g , Z) and Euler characteristic χ(M (g, +)) = 2 − 2g, whereas a non-orientable surface M (g, −) of genus g has homology H * (M (g, −)) = (Z, Z g−1 ⊕ Z 2 , 0) and Euler characteristic χ(M (g, −)) = 2 − g. The Table 1 : Triangulated 2-spheres with 11 ≤ n ≤ 23 vertices.
n Types   11  1249  12  7595  13  49566  14  339722  15  2406841  16  17490241  17  129664753  18  977526957  19  7475907149  20  57896349553  21  453382272049  22  3585853662949  23  28615703421545 smallest possible n for a triangulation of a 2-manifold M (with the exception of the orientable surface of genus 2, the Klein bottle, and the non-orientable surface of genus 3, where an extra vertex has to be added, respectively) is determined by Heawood's bound [25] n ≥ 1 2 (7 + 49 − 24χ(M )) .
Corresponding minimal and combinatorially unique triangulations of the real projective plane R 2 with 6 vertices (R 2 6 ) and of the 2-torus with 7 vertices (Möbius' torus [34] ) were already known in the 19th century; see Figure 1 . However, it took until 1955 to complete the construction of examples of minimal triangulations for all non-orientable surfaces (Ringel [35] ) and until 1980 to complete the construction of examples of minimal triangulations for all orientable surfaces (Jungerman and Ringel [28] ).
A complete classification (by elementary methods) of triangulated surfaces with up to 8 vertices was obtained by Datta [18] and Datta and Nilakantan [19] .
In Section 2, we present a fast backtracking procedure for the enumeration of triangulated surfaces, and we give the numbers (up to combinatorial equivalence) of triangulated surfaces with 9 and 10 vertices.
For triangulated orientable surfaces of genus g ≥ 1 it is, in general, a difficult problem to decide realizability. Surprisingly, for triangulations with few vertices, 3-dimensional geometric realizations (with straight edges, flat triangles, and without self-intersections) can be obtained by choosing coordinates randomly; see Section 3.
Enumeration of Triangulated Surfaces
We present in the following a variant of the enumeration algorithm [29] for (candidates of vertex-transitive) triangulations of d-dimensional manifolds with n vertices. (For earlier Let from now on be d = 2 and let {1, 2, . . . , n} be the ground set of n vertices. Then a triangulation of a surface/a triangulated surface with n vertices is
• such that the link of every vertex of M is a circle.
In particular,
• M is pure, that is, every maximal face of M is 2-dimensional,
• and every edge of M is contained in exactly two triangles.
As an example, we consider the case n = 5. On the ground set {1, 2, . . . , 5} there are 5 3 = 10 triangles, 5 2 = 10 edges, and 2 10 different sets of triangles which might or might not compose a triangulated surface with 5 vertices. Our aim will be to find those sets of triangles fast that indeed form a triangulated surface. The only reasonable approach for this seems to be by backtracking:
Start with some triangle and add further triangles as long as no edge is contained in more than two triangles. If this condition is violated, then backtrack. A set of triangles is closed if every of its edges is contained in exactly two triangles. If the link of every vertex of a closed set of triangles is a circle, then this set of triangles gives a triangulated surface: OUTPUT surface.
We are interested in enumerating triangulated surfaces up to combinatorial equivalence, i.e., up to relabeling the vertices. Thus we can, without loss of generality, assume that the triangle 123 should be present in the triangulation and therefore can be chosen as the starting triangle.
More than that, we can, without loss of generality, assume that the triangulated surfaces that we are going to enumerate should come in lexicographic order : Every listed triangulated surfaces with n vertices is the lexicographically smallest set of triangles combinatorially (1) is the degree of the vertex 1, i.e., the number of neighbors of the vertex 1.
On 5 vertices, the vertex 1 has degree at most 4, thus the possible beginning segments are B 3 and B 4 ; see Figure 2 .
In a lexicographically sorted list of (lexicographically smallest) triangulated surfaces with n vertices, those with beginning segment B k are listed before those with beginning segment B k−1 , etc. Thus, we start the backtracking with beginning segment B n−1 and enumerate all corresponding triangulated surfaces, then restart the backtracking with beginning segment B n−2 , and so on. Observe that all vertices in triangulations with beginning segment B k have degree at most k. Since if not, then such a triangulation has a vertex of degree j > k. However, by relabeling the vertices, it can be achieved that the relabeled triangulation has beginning segment B j (and thus would have appeared earlier in the lexicographically sorted list). Contradiction.
We store the triangles on the ground set as rows of a (sparse) triangle-edge-incidence matrix; see Figure 3 for the triangle-edge-incidence matrix in the case of n = 5 vertices. The backtracking in terms of the triangle-edge-incidence matrix then can be formulated as follows: Start with the zero row vector and add to it all rows corresponding to the triangles of the beginning segment B n−1 . The resulting vector has entries 0 (the corresponding edge does not appear in B n−1 ), 1 (the corresponding edge is a boundary edge of B n−1 ), 2 (the corresponding edge appears twice in the triangles of B n−1 ).
We next add (the corresponding rows of) further triangles to (the sum vector of) our beginning segment. As soon as a resulting entry is larger than two, we backtrack, since in such a combination of triangles the edge corresponding to the entry is contained in at least three triangles, which is forbidden. If a resulting vector has entries 0 and 2 only, then the corresponding set of triangles is closed and thus is a candidate for a triangulated surface. In case of n = 5 vertices, the backtracking (in short) is as follows: to verify that the link of every vertex is a circle, which is a purely combinatorial condition that can easily be tested. Moreover, we have to check for every candidate, whether it is combinatorially isomorphic to a triangulation that has appeared in the backtracking before. For example, the triangulation B 4 + 235 + 245 is isomorphic to B 4 + 234 + 345. Finally, we neglect triangulations with less than n vertices (such as B 3 + 234). As result in the case n = 5, we get that there is a unique triangulation of the 2-sphere with 5 vertices. The basic property that every edge is contained in exactly two triangles is often called the pseudomanifold property: Every closed set of triangles forms a 2-dimensional pseudomanifold.
It is rather easy to construct 2-dimensional pseudomanifolds that are not surfaces: The left pseudomanifold in Figure 4 has the middle vertex as an isolated singularity with its vertex-link consisting of two disjoint triangles. The right pseudomanifold in Figure 4 has no singularities and thus is a surface, but it is not connected.
Since there are way more 2-dimensional pseudomanifolds than there are (connected) surfaces, it is necessary to sort out those pseudomanifolds as early as possible in our backtracking that are not surfaces. In a 2-dimensional pseudomanifold the link of every vertex is a 1-dimensional pseudomanifold (i.e., every vertex of the link lies in exactly two edges). Thus, every vertex-link is a union of disjoint circles whereas the link of a vertex in a proper surface is one single circle:
• Backtrack if the number of edges in the link of a vertex of a current sum of triangles is larger than k in the case that the beginning segment is B k .
• Backtrack if the link of a vertex of a current sum of triangles consists of a closed circle plus at least one extra edge. 
By symmetry, we can, in addition, exclude the following cases:
• Do not use triangles of the form 23j with odd 5 ≤ j ≤ k. (Since a resulting surface would, by relabeling, be isomorphic to a triangulation with beginning segment B k plus triangle 23(j − 1), which is lexicographically smaller).
• If the triangle 23i with even 6 ≤ i ≤ k is used, then do not use the triangles 24j with odd 3 ≤ j ≤ i − 3.
Finally, we test for every resulting (connected) surface whether it has, up to combinatorial equivalence, appeared previously in the enumeration. For this, we first compute as combinatorial invariants the f -vector, the sequence of vertex-degrees, and the Altshuler-Steinberg determinant [2] (i.e., the determinant det(AA T ) of the vertex-triangle incidence matrix A) of an example. If these invariants are equal for two resulting surfaces, then we take one triangle of the first complex and test for all possible ways it can be mapped to the triangles of the second complex whether this map can be extended to a simplicial isomorphism of the two complexes. (Alternatively, one could use McKay's fast graph isomorphism testing program nauty [33] to determine whether the vertex-facet incidence graphs of the two complexes are isomorphic or not.) The respective triangulations can be found online at [32] . Table 2 gives the detailed numbers of orientable and non-orientable surfaces that appear with up to 10 vertices. The corresponding combinatorial symmetry groups G of the examples are listed in Table 3 .
Random Realization
It was asked by Grünbaum [24, Ch. 13.2], whether every triangulated orientable surface can be embedded geometrically in R 3 , i.e., whether it can be realized with straight edges, flat triangles, and without self intersections? By Steinitz' theorem (cf. [40] ), every triangulated 2-sphere is realizable as the boundary complex of a convex 3-dimensional polytope. For the 2-torus of genus 1 the realizability problem is still open.
Conjecture 2 (Duke [20] ) Every triangulated torus is realizable in R 3 .
A first explicit geometric realization (see Figure 5 ) of Möbius' minimal 7-vertex triangulation [34] of the 2-torus was given by Császár [17] (cf. also [21] and [31] ). Bokowski and Eggert [8] showed that there are altogether 72 different types of realizations of the Möbius torus, and Bokowski and Fendrich [5] verified that triangulated tori with up to 11 vertices are realizable.
Brehm and Bokowski ([6] , [7] , [12] , [13] ) constructed geometric realizations for several triangulated orientable surfaces of genus g = 2, 3, 4 with minimal numbers of vertices n = 10, 10, 11, respectively. Neighborly triangulations (i.e., triangulations that have as its 1-skeleton the complete graph K n ) of higher genus were considered as candidates for counter-examples to the Grün-baum realization problem for a while (cf. [10, p. 137] ). Neighborly orientable surfaces have genus g = (n − 3)(n − 4)/12 and therefore n ≡ 0, 3, 4, 7 mod 12 vertices, with g = 6 and n = 12 as the first case beyond the tetrahedron and the 7-vertex torus.
Theorem 3 (Bokowski and Guedes de Oliveira [9] ) The triangulated orientable surface N 12 54 of genus 6 with 12 vertices of Alshuler's list [1] is not geometrically embeddable in R 3 .
From an algorithmic point of view the realizability problem for triangulated surfaces is decidable (cf. [10, p. 50] ), but there is no algorithm known that would solve the realization problem for instances with, say, 10 vertices in reasonable time.
Surprisingly, the following simple heuristic can be used to realize tori and surfaces of genus 2 with up to 10 vertices.
Random Realization For a given orientable surface with n vertices pick n integer points in a cube of size k 3 (for some fixed k ∈ N) uniformly at random. Test whether this (labeled) set of n points in R 3 yields a geometric realization of the surface. If not, try again. Suppose, we are given n (integer) points x 1 , . . . , x n (in general position) in R 3 together with a triangulation of an orientable surface. It then is an elementary linear algebra exercise to check whether these n points provide a geometric realization of the surface: For every pair of a triangle i 1 i 2 i 3 together with a combinatorially disjoint edge i 4 i 5 of the triangulation we have to test whether the geometric triangle x i 1 x i 2 x i 3 and the edge x i 4 x i 5 have empty intersection.
Since the surfaces were enumerated in lexicographic order with different triangulations in the list sometimes differing only slightly, it is promising to try:
Recycling of Coordinates As soon as a realization has been found for a triangulated orientable surface with n vertices, test whether the corresponding set of coordinates yields realizations for other triangulations with n vertices as well. Moreover, perturb the coordinates slightly and try again.
Random realization and recycling of coordinates was used to obtain realizations for 864 of the 865 triangulations of the orientable surface of genus 2 with 10 vertices, leaving one case open. This last example (manifold 2 10 41348 in the catalog [32] ) has the highest symmetry group of order 16 among the 865 examples; see Figure 6 . It was realized geometrically by Jürgen Bokowski by construction of an explicit rubber-band model. 
Conjecture 5 Every triangulation of the orientable surface of genus 2 is realizable in R 3 .
A priori, nothing is known on the expected number of tries that are necessary to obtain a geometric realization for a given triangulated orientable surface by random realization: For triangulations of a surface of genus g ≥ 1 any proof showing the finiteness of the expected number of tries would immediately imply the realizability of the given triangulation!
Computational Experiments:
For the random realization of triangulated orientable surfaces with 10 vertices we chose k = 2 15 = 32768 as the side length of the cube.
• It took an average of about 700 tries to realize one of the 233 triangulations of S 2 with 10 vertices (in non-convex position).
• It took an average of about 418000 tries to realize one of the 2109 triangulated tori with 10 vertices.
• For the 865 vertex-minimal 10-vertex triangulations of the orientable surface of genus 2 we initially set a limit of 200 million tries for every example. Random realizations were found for about 1 5 of the 864 triangulations. All other of the 864 realizations were found by recycling of coordinates. The computations were run for 3 months on ten Pentium R 2.8 GHz processors.
• It happened a few times that for a given triangulation realizations with identical coordinates were found by different processors after different numbers of tries. (Thus the length of cycles of the random generator plays a role!)
By successively rounding the coordinates of one of the randomly realized surfaces it is in most cases relatively easy to obtain realizations of the respective surface with much smaller coordinates. (For triangulations of S 2 it is an open problem whether there are convex realizations with small coordinates; cf. [40, Ex. 4.16] .) An enumerative search for realizations with small coordinates was carried out in [26] (this time, the computations were run for eight days on ten Pentium R 2.8 GHz processors) and [27] ; see these two references and [32] for explicit coordinates and visualizations. A posteriori, the existence of small triangulations explains the successfulness of the described random search for realizations.
